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Abstract. In the paper we study the problems of the boundary behaviour of the 
Bergman kernel and the Bergman completeness in some classes of bounded pseudo- 
convex domains, which contain also non-hyperconvex domains. Among the classes 
for which we prove the Bergman completeness and the convergence of the Bergman 
kernel to infinity while tending to the boundary are all bounded pseudonvex balanced 
domains, all bounded Hartogs domains with balanced fibers over regular domains and 
some bounded Laurent-Hartogs domains. 



0. Introduction. The aim of tlie paper is to present some new results concern- 
ing Bergman completeness and the boundary behaviour of the Bergman kernel in 
bounded pseudoconvex but not necessarily hyperconvex domains. We are interested 
in the following exhausting property of the Bergman kernel: 

(*) Kd{z) — s> oo as 2: ^ dD. 

The starting point for our considerations may be the following two recent results: 

- any bounded hyperconvex domain satisfies (*) (see [Ohs 2]), 

- any bounded hyperconvex domain is Bergman complete (see [Blo-Pfl] and 
[Her]). 

Both properties mentioned above are closely related. In particular, the Bergman 
completeness is often proved after proving the property (*). To the best of our 
knowledge there are no known examples of bounded Bergman complete domains 
not satisfying (*). 

The existence of non-hyperconvex bounded domains with (*) is very well-known 
and easy (take the Hartogs triangle) . On the other hand the existence of bounded 
pseudoconvex but non-hyperconvex Bergman complete domains is not so trivial but 
also known (see [Chen], [Her], [Zwo]). 

In our paper we shall present a class of domains satisfying the above proper- 
ties. The classes of domains which we consider are the following: bounded pseu- 
doconvex balanced domains, Hartogs domains with m-dimensional balanced fibers, 
Hartogs-Laurent domains and Zalcman type domains (domains in the unit disc with 
complements composing of infinitely many closed discs). 

Among others we prove the following results. 

All bounded pseudoconvex balanced domains satisfy (*) and are Bergman com- 
plete. The latter result gives the positive answer to the question posed in [Jar-Pfl 1] 
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and [Jar-Pfl 2] . Note that if the Minkowski functional of the considered domain is 
continuous then the domain is hyperconvex and the result follows from the above 
mentioned theorems. 

Any bounded pseudoconvex Hartogs domain with m-dimensional balanced fibers 
over a domain with the property (*) satisfies (*). Any bounded pseudoconvex 
Hartogs domain over a c*-complete domain (which implies automatically Bergman 
completeness) is Bergman complete. In particular, there are bounded and pseudo- 
convex non-fat domains that are Bergman complete and satisfy (*). 

On the other hand we show that there are bounded fat domains in C (some 
Zalcman type domains) not satisfying (*) - this gives an answer to a question 
posed in [Jar-Pfl 2]. 

1. Definitions and known results. Let us denote by E the unit disc in C. 

Let D be a bounded domain in C". Let us denote by L\{D) square integrable 
holomorphic functions on D. L\{D) is a Hilbert space with the scalar product 
induced from L^{D). Let us define the Bergman kernel of D 

Ko{z) = sup{ '/ly : / e Li{D), f ^ 0}. 

\\J\\l2(d) 

Among other well-known properties let us recall only two of them (see e.g [Jar- 
Pfi 2]). 

If Di C D2 are bounded domains in then Kd2{z) < Kd^^), z E Di. 

If {Dj}J^i is an increasing sequence of domains in C"^ whose union is a bounded 
domain D, then Kd^ tends decreasingly and locally uniformly to Kd- 

It is well-known that logKn is a smooth plurisubharmonic function. Therefore, 
we may define 

/?£) is a pseudometric called the Bergman pseudometric. 
For w,z & D we put 

bD{w,z) := inf{L;3^(Q!)}, 

where the infimum is taken over piecewise C^-curves a : [0, 1] ^-^ D joining w and 

z and Li3^{a) := (3D{c({t);a'{t))dt. 
We call bo the Bergman distance of D. 

The Bergman distance (as well as the Bergman metric) is invariant with respect 
to biholomorphic mappings. In other words, for any biholomorphic mapping F : 
D^G {D.GdC. C") we have 

hG{F{w),F{z)) = bD{w,z), I3g{F{w);F'{w)X) = ^d{w;X), w,zeD,Xe C". 

A bounded domain D is called Bergman complete if any 6/:)-Cauchy sequence is 
convergent to some point in D with respect to the standard topology of D. 

Any bounded Bergman complete domain is pseudoconvex (sec [Ere]). Let us 
recall that a bounded domain D is called hyperconvex if it admits a continuous 
negative plurisubharmonic exhaustion function. Now we may formulate the foUow- 
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Theorem 1.1 (see [Blo-Pfl], [Her], [Ohs 2]). Let D be a bounded hyperconvex 
domain in C". Then D satisfies (*) and D is Bergman complete. 

Our aim is to study the boundary behaviour of the Bergman kernel and the 
problem of Bergman completeness. We shall make use of following powerful tools; 
namely, the extension theorem of L^-functions, localization principle of the Bergman 
kernel and the Bergman metric and criteria for a domain to be Bergman complete 
and for the Bergman kernel to tend to infinity near the fixed point from the bound- 
ary. Let us recall below these results. 

Theorem 1.2 (see [Ohs-Tak]). Let D be a bounded pseudoconvex domain in C". 
Let H be any affine subspace ofC^. Then there is a constant C & M. dependent 
only on diameter of D such that for any f e Ll{DnH) there is F e Ll{D) such 
that ||-F||i2(_D) < C'||/||L2(DnH)- 

In particular, we get from Theorem 1.2 that 
(1.1) KDnuiz) < CKd{z), zeDHH, 

where (7 e IR is a constant dependent only on diameter of D. 

Theorem 1.3 (see [Die-For-Her] , [Ohs 1]). Let D be a bounded pseudoconvex do- 
main in C", 2;° e dD. Then for any neighbourhoods Ui = Ui{z^) CC U2{z'^) = U2 
there is a positive constant C such that for any connected component V of D r\U2 
and for any z & UiHY , X & we have: 

^Kv{z) < Kd{z) < Kv{z), 

Theorem 1.4 (see [Kob], [Pfi 1]). Let D be a bounded domain such that (*) is 
satisfied and H°°{D) is dense in L\{D). Then D is Bergman complete. 

Theorem 1.5 (see [Pfi 1]). Let D be a bounded pseudoconvex domain. Let G dD 
be such that there are r e (0, 1], £ > 1 and a sequence {z^}'^^^ of points from C^\D 
tending to z^ such that B{z,r\\z'^ — z'^\\^)r\D = (so called 'outer cone condition'). 
Then lim_2._»_j.o Kd{z) = 00. 

2. Balanced domains. Recall that a set D is balanced if z e D and X e E 

implies Xz & D. 

In this section we deal with bounded pseudoconvex balanced domains. We prove 
the following result. 

Theorem 2.1. Let D be a bounded pseudoconvex balanced domain. Then D satis- 
fies (*) and D is Bergman complete. 

Note that if the Minkowski functional of D is continuous then D is hyperconvex 
and the result follows from Theorem 1.1. Additionally, in this case the theorem has 
already been known for a long time (see [Jar-Pfl 1]). Using only a little more refined 
methods than the ones used in the last paper we prove the theorem in general case. 
Let us mention here that the problem whether bounded pseudoconvex balanced 
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Proof of Theorem 2.1. First we prove the property (*). Take any point 2;° e dD. 
Fix any M e R. In view of (1.1) (applied io H = Cz^ - remember that Cz^ r\D is 
a disc) there is some z^ = sz^, < s < 1 such that z^ e D and Kd{z^) > M. It 
follows from continuity of Kd that there is some open neighbourhood U <Z D oi z^ 
such that Kd{z) > M for 2 e C/. Note that for any z & U the function 

Uz : TT^E 3X^ Kd{Xz) 

is subharmonic and radial. Therefore, Uz{t), < t < is increasing (see e.g. 
[Jak-Jar]). Consequently, Kd{z) > M for any z e ([1, oo)U) fl D. Since [1, oo)U is 
a neighbourhood of 2;°, we finish the proof. 

To finish the proof it is sufficient to show that H°°{D) is dense in L\{D) (and 
then use Theorem 1.4). 

It is well-known that any holomorphic function F on L> is a local uniform limit 
of a series X^fcLo Qk (-2) , where Qk is a homogeneous polynomial of degree k (see 
e.g. [Jak-Jar]). Since all Qfc are orthogonal (in L\{D)) and there is an exhausting 
family of compact balanced sets of the domain D (on each of them the functions 
Qk are orthogonal), the standard approximation process leads to the convergence 
of Fn '■= '^^^oQk to F in L^{D) norm (under the assumption that F G Lf^(D)). 
Since D is bounded, all -Fat's are bounded, which finishes the proof. □ 

3. Hartogs domains. In the present section we consider bounded pseudoconvex 
Hartogs domains with m-dimensional balanced fibers. Let Gd C. C^+"^ denote a 
bounded pseudoconvex Hartogs domain over D C C"^ with m-dimensional balanced 
fibers, i.e. 

Gd = {{z,w) eDxC"" : H{z,w) < 1}, 

where D is bounded and pseudoconvex, logH is plurisubharmonic on D x C"^, 
H{z,\w) = \X\H{z,w), {z,w) G DxC^, A G C, and Go is bounded (i.e. H{z,w) > 
C\\w\ \ for some C > 0, z e D, w e C""). 

Let Gd be as above. For any / G L^{D) we define a function F{z,w) := 
f{z), {z,w) G Gd- Since Gd C D x {RE)'^ for some > 0, we easily get 
that ||-F||^2(Q^) < C'iII/IIlz^d) for some Ci > independent of the choice of / 
(therefore, F G L\{Gd))- In particular, we get that 

(3.1) Kd{z)<C2KgA^,^), zeD. 

Theorem 3.1. Let Gd be a bounded pseudoconvex Hartogs domain over D with 
m-dimensional balanced fibers. Fix a point {z^.,w^) G OGd- Assume that one of 
the following three conditions is satisfied: 

(i) 2° G D, 

(ii) z^ G dD and Kd{z) — 00 as z ^ z^ ^ 

(iii) there is some neighbourhood U of {z^^^w^) such that 

U r\GD C {{z,w) G C^^'^ : \ \w\ \ < \\z - z^\f} for some 6 > (in particular, = 
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In particular, if D satisfies {*), then Go satisfies (*). 

Proof. Consider the case & D (that is we consider the case (i)). Then H{z^, w^) > 
1. In view of the L|-extension theorem for any M e M there is = tw^, < t < 1, 
such that {z^,w^) e Gd and Koaiz^iW^) > M. Continuity of gives us the 
existence of an open neighbourhood U := Ui x U2 of {z^,w^) in Gd (with ^ C/2) 
such that Kqj:, {z, w) > M for (2, w) e U . Similarly, as earlier considering the 
function ^ 

u{z,w) ■ -pTt \^ 9 A ^ Kg J, {z, Xw) 

^ ' H{z,w) 

we get a radial subharmonic function such that U(^z,w)i^) > which gives us that 
KGaiz,w) > M for {z,w) e {Ui x [1,00)1/2) nGo'- 

Consider now the case (ii). Then G dD. It follows from (3.1) and (ii) that for 
any M e M there is some open neighbourhood U of z^ such that i^Cu {z, 0) > M, 

zeUnD. 

Fix z E U f] D. Fix additionally for a while w such that < H{z,w) < 1. Then 
the function jjjji^E 9 A 1— > KGr,{z, Xw) is larger than M at and is radial and 
subharmonic; therefore, increasing. Consequently, Kg^ {z, w) > M for any w with 
H{z,w) < 1. Since z E U was chosen arbitrarily we get that Kgjj{z,w) > M for 
any {z, w) E Gd with z E U. 

We are left with the case (iii). Without loss of generality we may assume that 
z^ = 0. Consider points {0,wo) ^ D (i.e. wq ^ 0). Let us consider the balls 
i?((0, Wo), ^"1 l^ol l"^), where e>0, 0<r<l will be chosen later (independently 
of too)- Our aim is to verify that the outer cone condition form Theorem 1.5 is 
satisfied for a suitable < r < 1 and e > 1. 

Fix r = \. Consider only ||tyo|| < \. Take a point {z,w) E i?((0, wq), |||t«o||^) n 
Gd- Then ||2;|| < |||i(;o||^ and ||wo|| — \\w\\ < \\w — wq\\ < \\\wQ\f . Consequently, 
ll'^^oll — ^llw'oll^ < llw'll < \\z\f < {\)^\\wo\\^^ . So assuming that e is large enough 
(£ - 1 > 0, £5 - 1 > 0, 5 + e5 - 2 > 0) we get: 

^<i-^ikoir^<(^)^ikoir^-^<^ 

- contradiction. Therefore, in view of Theorem 1.5 we finish the proof. □ 

The idea of the condition (iii) comes from generalizing the phenomenon, which 
appears in the Hartogs triangle and the point (^°, w^) — (0, 0). 

It turns out that there are bounded pseudoconvex Hartogs domains and points 
from the boundary, which do not satisfy any from the conditions (i)-(iii) but such 
that the limes as in Theorem 3.1 exists. 

Example 3.2. Let {aj}JLi C (0, 1) be a sequence tending to 0. Let us define 
Uk{X) = log (Ej^i( 2|A-aj I ^ ^ -E \ {ai, . . . , afe}, where rij > j. Note that 

Uk{0) < 0, /c = 1, 2, . . . . Define u := lim^^oo Uk = log 2|A-aj| •= 

The construction ensures us that the sequence {wfcjfc^i is locally 
bounded from above and globally bounded from below increasing sequence on £^00 
and, therefore, tt is a subharmonic function on E^o bounded from below. Moreover, 
lima;<o,x^o '^(3^) ^ 0. Define Ge^ '■= {{z,w) E E^o xC : \w\ < exp{—u{z))}. Then 
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that the point (0, 0) does not satisfy any from the conditions (i)-(iii) but one may 
easily verify that, choosing if necessary rij larger, the outer cone condition from 
Theorem 1.5 is satisfied (for instance for points (aj, Oj)). Therefore, the claim of 
Theorem 3.1 is also satisfied. Note that {(0,0)} C OGe^ H ({0} x C"'). 

We may prove even more. Namely, the domain Ge^ satisfies (*). In fact, the 
points {z,w) G OGe^, z G dE, satisfy (ii). The points {ak,w) G OGe^ (and then 
automatically w = 0) satisfy (iii). The points {z,w) G dGE^, z G -Eoo, satisfy (i). 
Finally, one may easily verify (proceeding similarily as in the case (0, 0)) that the 
points {0,w) G OGe^ satisfy the outer cone condition from Theorem 1.5. 

Lemma 3.3. Let Go be a bounded pseudoconvex Hartogs domain over D with Tri- 
dimensional balanced fibers such that H^{D) is dense in L\{D) and, additionally, 
assume that there is some £ > such that D x P(0, s) C Gd- Then H°°{Gd) is 
dense in L\{Gd)- 

Proof. Take F e LI{Gd). We know that 

oo oo 

F(^,«;) = J]F.(^,^):= J] J] Mz)w^ 

where the convergence of Gn := ^^^qF^, to F is locally uniform (see e.g. [Jak- 
Jar]). Consequently, because of orthogonality of , similarly as in the proof of 
Theorem 2.1 the functions Gn converge in L?{Gd) to F. It is therefore sufficient 
to approximate fp{z)w^ with bounded functions. But because of the assumption 
of the lemma one may easily conclude from the Fubini theorem that G Lf^{D) 
so hf^{z)w^ , where /ijv G H°°{D) and fjs in L\{D), tends to fi3{z)w^ in 

LliGo). □ 

Remark 3.4. Note that the assumption D x P(0, e) C Gd is essential. For in- 
stance, H^{E^) = H°^{E)\e, is dense in Ll{E^) = LI{E)\e, and H°°{Ge,) is not 
dense in L\{Ge^)-i where Ge^ is the Hartogs triangle, Ge^ '■= {{z,w) G -E* x C : 
\w\ < \z\}. 

Theorem 3.5. Let Go be a bounded pseudoconvex Hartogs domain over D with 

m- dimensional balanced fibers. Assume that D satisfies {*), H°°{D) is dense in 
L\{D) and there is e > such that D x P{0,e) C Gjj. Then Gd is Bergman 
complete. 

Proof. Combine Theorem 3.1, Lemma 3.3 and Theorem 1.4. □ 

Note that Theorem 3.5 cannot be even applied to arbitrary pseudoconvex bounded 
Hartogs domain with one dimensional fibers. However, small change in assump- 
tions on the domain D in Theorem 3.5 will make it possible to prove Bergman com- 
pleteness of Gd without additional assumptions on the shape of Gd- But before 
formulating the result we have to introduce the notion of the inner Caratheodory 
pseudodistance. 

For a domain D C C"^ we define the Caratheodory-Reiffen pseudometric 
1d{z;X) := sup{|/'(z)X| : / G 0{D,E), f{z) = 0}, ^ G L», X G C". 
The inner Caratheodory pseudodistance is the integrated form of 7d, i.e. 
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where L^^(q;) := 'yj:,{a{t)] a'{t))dt. It is well-known that holomorphic mappings 
are contractions with respect to c* (i.e. c'!q{F{w), F{z)) < c\j{w,z) for any F e 
0{D, G), w, z E D). The last property is not shared by the Bergman distance (in 
the class of bounded domains - see e.g. [Jar-Pfl 2]). We have additionally that (see 
e.g. [Jar-Pfl 2]) 

(3.2) 4 < bD. 

Exactly as in the case of the Bergman distance we introduce for bounded domains 
the notion of c*-completeness. 

Theorem 3.6. LetGo be a bounded pseudoconvex Hartogs domain over D with m- 
dimensional balanced fibers. Assume that D is d -complete. Then Gd is Bergman 
complete. 

Proof. Take any point {zo,wq) G dGn- Suppose that there is a bc^-Cauchy se- 
quence {{zi,,Wi,)} tending (in the natural topology of D) to {zo,wq). Because of 
(3.2) and the contractivity of Cj^ with respect to the projection we exclude the case 
z^ e dD. 

So assume that z^ e D. Let C/i, C/2 be small open balls with the centre at 2° 
such that Ui CC U2 CC D. There is a sequence of C^-piecewise curves 71^^^ : 
[0,1] 1-^ Gd such that 7,.,p(0) = {z^,w^), -fu,,j,{l) = {z^,,w^) and L^g^ (^^.m) < 
^Gd ((-^ly, w'l/), {z^,w^)) + ^, 1 < u < n- We claim that there is some i^o such that 
7.,^([0, 1]) C Gu, (Gu, := {Uj X C"^) n Gd, j = 1, 2) for // > > i^o- Actually, 
if it were not the case, then there would be a sequence of tk G (0, 1) such that 
{uk,Vk) := lvk,ixk{tk) ^ (so Uk ^ Ui) and 6GD((^i/fe, w^/J, ("fc, ^fc)) ^ as /c 
tends to infinity. But then also 

< C^(^nfe,Wfc) < CGo((^nfe,WnJ, {Uk,Vk)) ^ 

- contradiction (to the boundedness of D). 

Note that Guj satisfies the assumptions of Theorem 3.5, so Guj is Bergman 
complete, j = 1,2. 

Applying the localization principle of the Bergman metric (Theorem 1.3) we get 
that 

bGu^{{Zr.,Wr,), {z^,W^)) < Lp^^^ (7^,^) < 

CLp^^{-f^^^) < C{bGoi{zy,Wy), {z^,w^)) + i), ii>v>VQ 

so {{zi,., iyi^)}i/>>i is a ^Cy^-Cauchy sequence tending to the boundary of Gu2 (in the 
natural topology of Gjj^), which, however, contradicts the Bergman completeness 
oiGu^. □ 

Remark 3.7. Since any Kobayashi complete bounded domain is taut (a bounded 
domain D in C"^ is taut if for any convergent sequence of mappings (f^, G 0{E, D) 
its limit (p satisfies that (p{E) C -D or (p{E) C dD), there are bounded pseudoconvex 
balanced domains (in fact any such that the Minkowski functional is not continuous) 
in such that no estimate of the type bD < CkD holds (compare [Jar-Pfi 2]). 
Note that there are bounded balanced pseudoconvex domains which are not fat 



8 



MAREK JARNICKI, PETER PFLUG & WLODZIMIERZ ZWONEK 



which are not fat (use Theorem 2.1). Other domains having the same property 
(but in the class of Hartogs domains) are given below. 

Theorem 3.1, Theorem 3.5 and Theorem 3.6 apply among others to the following 
domain 

oo I I 

Ge ■= {(.z,w) e E X C : \w\ < exp(- exp(^ ct^ log ))}, 

where aj > 0, {ajjJLi is dense in and ctj log |aj| > — oo. Note that 

Ge C Ge E"^ but int(G'E) = E'^. 

It follows from Theorem 3.6 that any bounded pseudoconvex Hartogs domain 
over a complete bounded pseudoconvex Reinhardt domain (e.g. the unit disc) is 
Bergman complete (see [Pfl 2]). 

It seems to be natural to ask the question whether Theorem 3.6 remains true 
under the assumption that D is Bergman complete. 

Since any bounded hyperconvex domain is Bergman complete, new results con- 
cerning Bergman completeness are given in non-hyperconvex case. In the class of 
bounded pseudoconvex balanced domains hyperconvexity is equivalent to tautness 
and the latter is equivalent to the continuity of the Minkowski functional associated 
to the domain. 

Below we give a full characterization of tautness and hyperconvexity in the class 
of bounded pseudoconvex Hartogs domains with m-dimensional balanced fibers. 

Proposition 3.8. Let Gd be a bounded pseudoconvex Hartogs domain over D with 

m-dimensional balanced fibers. Then 

Gd is taut iff D is taut and H is continuous; 

Gd is hyperconvex iff D is hyperconvex and H is continuous. 

Proof. Note that non-continuity of H gives us the existence of the sequence {{zy.,Wi,)} C 
Gd convergent to (2;, w) E Dx such that limj^^oo H{z,^, Wjf) = 5 < H{z, w) = 1. 
Then the sequence (pi,(X) := (z^, \j ) )■> A G -E, satisfies ffv{E) C Gd and (fi^ 
converges locally uniformly to (p, where <^(A) = (2;, ^), (p{0) e Gd but (p{E) <f_ Gd, 
so Gd cannot be taut. 

It is trivial to see that tautness (respectively, hyperconvexity) oi Gd implies 
tautness (respectively, hyperconvexity) of D. 

Hyperconvexity of D delivers us the existence of negative continuous plurisubhar- 
monic exhaustion function u of D. Note that if H is continuous, then the function 
ma,x{u{z) , log H{z, w)} is a continuous negative exhaustion function of Gd- 

Assume now tautness of D and continuity of H. Consider a sequence := 
i^i-i ^2) ^ C'(£', Gd), which converges locally uniformly to (p^. Because of tautness 
of D either (pi e 0{E,D) or (p1{E) C dD, in the second case (p^{E) C OGd- So 
consider the first case. It easily follows from the maximum principle for subhar- 
monic functions that either H{(p'^{X)) = 1 or H{(p'^{X)) < 1, X & E, which finishes 
the proof. □ 

4. Hartogs-Laurent domains. In this section we consider Hartogs-Laurent do- 
mains. More precisely, let -D be a bounded pseudoconvex domain in C"^ and let u, v 
be plurisubharmonic functions on D, u + v < on D. Then we define the Hartogs- 
Laurent domain G := {{z, Zn+i) & D x C : exp('u(2;)) < |2n+i| < exp{—v{z))} over 
D. We assume additionally that there is some constant C e M such that v{z) > C 
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Proposition 4.1. LetG be as above (with some D, u andv). Assume additionally 
that D satisfies (*). Then G satisfies (*). 

Proof. Since G C {(2,^^+1) G D x C : |-2n+i| < exp(— f(^))}, we get in view of 
Theorem 3.1 and because of the contraction property of the Bergman kernel under 
inclusion of domains that Kg{z, Zn+i) — > 00 whenever (z, Zn+i) — > (w, Wn+i) £ dG, 
where w G dD or > exp{—v{w)). 

Now we consider the case when {z, z^+i) {w,Wn+i) € dG, where w & D and 
\wn+i \ < exp{u{w)). 

First we prove that Kg{z, z^+i) — > 00 as {z,Zn+i) — > {w,0) e dG with w & D. 
Take a small ball U CC D with the centre at w. Put Gu := Gr){U x C). We claim 
that the function is from L'^{Gu). In fact, 

/ ^—^dC^^+\z,Zn+^) = 
JGu l^n+l| 

/ ( / -^dC\zn+l))dC'''{z) = 

2n [ {-v{z) -u{z))dC^''{z). 
Ju 

Therefore, in view of the local summability of plurisubharmonic functions (not 
identical to —00) the last expression is finite. Consequently, Ka^izj ^n+i) 00 
as {z,Zn+i) {w,0). And now the localization property of the Bergman kernel 
(Theorem 1.3) implies that 

Kg{z, Zn+l) ^ 00 as (Z, Zn+l) ^ (w, 0). 

We are left with the case {z,Zn+i) {w,Wn+i) G dG, w E D, < e < \wn+i\ < 
exp{u{w)). Consider now the new Laurent-Hartogs domain Gi defined over D 
with u replaced by u := max{w, logs} (and the same v). Taking now Gi to be 
{(2;, l/2;n+i) : {z,Zn+i) e Gi} we get that the convergence of KG-^iz, Zn+i) — > 
00 as {z,Zn+i) — > {w,Wn+i) is equivalent to the convergence of Kq^(z, Zn+i) —>■ 
00 as {z,Zn+i) — > {w,l/wn+i) (use the invariance of the Bergman kernel with 
respect to biholomorphic mappings). Since Gi C {{z,Zn+i) : z E D, |-2n+i| < 
exp{—u{z))} and l/|wn+i| > exp{—u{w)) we get (using the contractivity of the 
Bergman kernel under inclusion and Theorem 3.1) that Kgj^{z, Zn+i) ^ 00 as 
{z,Zn+i) {w,Wn+i)- And now the localization of the Bergman kernel (Theorem 
1.3) implies that Kq{z, Zn+i) — > 00 as {z,Zn+i) {w,Wn+i)- □ 

Theorem 4.2. Let D be a bounded domain pseudoconvex domain in C^, which 
is -complete. Let G be as above with the additional property that there is some 
constant C such that u{z) > C > —00 for any z E D. Then G is Bergman complete. 

Proof. We proceed similarly as in the proofs of results in Section 3. Take any bo- 
Cauchy sequence {(-z'^, -2;^_|_]^)} converging to {z'^,z'^_^i) G dG. One easily excludes 
(because of c*-completeness of D) the case z^ G dD. In case 2;'' G -D we may exactly 
as in the proof of Theorem 3.6 reduce the problem to the problem of completeness of 
G := Gn{UxC), where U is some smaU baU around z^, U CC D, such that UxA C 
G, where A is some annulus. Similarly, as in the proof of Lemma 3.3, expanding 

r2 .4-: • j-i ; 17/'^ ^ ^ v^oo 7 / \ ^1/ ^ \ ^ 
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easily get that Fn{z, Zn+i) ■= Yly=-N ^•^i^)^n+i tends in L\{G) to F. Moreover, 
hy{z) e LliU). Since H°°{U) is dense in we get consequently, that H°°{G) 

is dense in L\{G) (approximate h,j{z)z^j^i with /ij^j (2;) 2:^^.1, where h^^j e H°°{U) 
tends to h^, in L'^{U), and then use inequality u > C), which in connection with 
Proposition 4.1 and Theorem 1.4 finishes the proof. □ 

5. Zalcman type domains. In Section 3 we saw that there are non-fat domains 
satisfying (*) and being Bergman complete. In this chapter we go into the opposite 
direction and we find domains, which are bounded pseudoconvex and fat but which 
do not satisfy (*) (which gives the answer about the existence of such domains in 
[Jar-Pfl 2]). This counterexample is found in the class of Zalcman type domains, 
which were considered in the context of (*) and Bergman completeness in [Ohs 2] 
and [Chen]. It follows from the papers above that there are Zalcman type do- 
mains satisfying (*) and being Bergman complete and non-hyperconvex. We show 
that there are Zalcman type domains, which neither satisfy (*) nor are Bergman 
complete. 

Let us fix a sequence (of pairwise different points) C E and a closed disc 

B C E such that aj ^ B, Uj and E B (automatically G dB). 

Below we shall consider only sequence of positive numbers rj such that A{aj,rj)r\ 
A(afc, Tk) ~ for any j ^ k and B f] A(aj, rj) = 0. 

Lemma 5.1. We may choose rj so that there is a constant M < 00 such that 

(5.1) Kd^{z) < M for any z e B, N = 1,2, ... , 
where Dn ■= E\{[jf^^ A{aj,rj)). 

Proof. We define rj inductively. Since E \ A(ai,ri) increases to i? \ {ai} as ri 
decreases to and KE\{ai} coincides with Ke on E \ {ai} we get that there is a 
constant M e R such that -f^£;\A(ai,ri) < M on B for sufficiently small ri > 0. 
Assume that we have already chosen ri, . . . ,rN such that 

(5.2) Kd^ <M onB 

{Dn is defined as in the lemma). Since Dn \ A{aN+i,rN+i) increases to Dn \ 
{gn+i} and Kd^^^^n+i} coincides with i^o^ on Djv\{oAr+i}, we get as previously 
(use (5.2)) that KDN\A{aN+i,rN+i) < M on B for sufficiently small rN+i > 0, which 
completes the proof. □ 

Proposition 5.2. There is a sequence Sj — > 0, < < rj and a domain G := 
E \ (U^i '^(%') ^j) U {0}) satisfying the property 

Kg{z)<m, zeBnG. 

Proof. Let us fix an increasing sequence of compact sets Ln such that IJ^=i Ln = 
intB. 

Wc claim that we may choose a family of positive numbers {s-j^}i<N<oo,N<j 
such that s^j^_^_-^ < < rj ior j > N + 1 and < rN such that for the domain 



00 TV 

Gn:=E\{ U A(a,-,4)U|J A(a,-,4)U{0}) 
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we have Kq,^ < M on Ljv- 

Assume for a while that such a choice can be done. Then define sj := sj. Since 
we have Kg,^ > Kq for any in particular, for any N Kq < M on Ljv, 
which completes the proof. 

We define the desired family inductively with respect to N. Let < t < 1. Since 
E \ (U°l2 ^(%' ^^i) U A(ai, ri) U {0}) increases to E\ (U^2{«j} U A(ai, ri) U {0}) 
as t decreases to and the Bergman kernel of the last domain is the restriction to 
this domain of Kd^-, we get that for t sufficiently small Kqi < M on Li, where 
s\ := ri, s{ = trj, j > 2. 

Assume that the construction has been succesful for (i.e. we have defined 
already all 4, 3 > k < N). Let < t < 1. Since E \ (U^Ar+2 ^(^^J' ^■^iv) U 
A(a7v+i, 4^')uUf=i A(a„ sj)U{0}) increases to E\{\Jf^j^^^{aj}VjA{aN+i, 4^')U 
[J^^i ^{cij, s^) U {0}) as t decreases to and the Bergman kernel of the last domain 
is the restriction to this domain of AT A/ n+i^,,,,n xr J^^ (which is smaller 
than or equal to Kd^+i because Dn+i is a subset of the considered domain), we 
get that defining for t sufficiently small s^^\ := sj^^^, ■s;Jv+i ^^n^ 3 > N + 2 the 
inequality Kg^+i < M holds on Ljv+i- □ 

Let us remark that because of the property KDj{z) — > Kd{z) locally uniformly 
for any sequence {-Dj}°^i of domains such that Dj C -Dj+i and U^i = D (D 
is a bounded domain) we get easily that /?£>. — > /?£> locally uniformly on D x 
(although the convergence in contrast to the convergence of Bergman kernels need 
not be monoton). 

Based on the above property of the Bergman kernel we present below a similar 
construction (to that from Proposition 5.2) leading to a domain having the assump- 
tions as in Proposition 5.2 and, additionally, not Bergman complete. We denote 
Pd{z) :=Pd{z;1). 

Lemma 5.3. There are a constant Mi e IR and a family of tuples A = U?^=o 
where: 

Aq = 0, Aiv C (0, si] X . . . X (0, sn]; 

for any N if X & Ajv then there is some Xn+i such that for any < s < Xn+i 

(A, s) e An+i; 

for any X — (Ai, ... ,Xn) G A we have that (3dx < on B, where 

N 

:=E\\jA{aj,Xj). 
i=i 

Proof. The proof goes similarily as that of Lemma 5.1. We proceed using induction. 
Since E\A{ai,t) increases to E\{ai} as t decreases to and /3E\{ai} coincides with 
Pe on E \ {ai} we get that there is a constant Mi e R such that PE\A{ai,t) < -^i 
on B for any < t < Ai < si. We define Ai := (0, Ai]. 

Assume that we have already defined Ai, . . . , Ajv such that Lemma is satisfied, 
in particular, 

< Ml on S 
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Fix any A G Ajv- Since Da\ A(aAr+i, increases to £)A\{oAr+i} and (3o^\{aN+i} 
coincides with on Dx \ {oat+i}, we get as previously that PDx\A{aN+i,t) ^ -^i 
on B for sufficiently small t > 0, which completes the proof. □ 

Proposition 5.4. There is a sequence Xj — > 0, < Aj < Sj and a domain G := 
E \ (U^i ^{^31 ^j) ^ {0}) satisfying the property 



Pg{z)<Mi, zeBnG. 



Proof. Let us fix an increasing sequence of compact sets Ln such that U^=i = 
intB. 

Without loss of generality we may assume that si = A^ (si is from Proposition 
5.2 and A^ from Lemma 5.3). 

It is sufficient to find sequences {X^j^i and C (0,1)^ such that A-^ e 

Aat, Xn = ti ■ . . . ■ InSni A^+^ = {X^ , Xn+i), and < -^i on Ljv, where 

Dn ■■= D\N \ Ujljv+i A(aj-,ti ■ . . . ■ tNSj). 

Put Ai A^(= si), ti := 1. Then for 1 > t > smaU enough the Bergman 
metric on \ (U^2 ^ {0}) than Mi on ior < t < t2 < 1, 

we may also assume that A^ := {X^,t2S2) G A^. 

Assume that the construction has been succesful for N (i.e. we have defined 
already all tj, j = 1, . . . , and A-', j = 1, . . . , A^). Let < t < 1. Since Dxn \ 
(Ujljv+i A(aj,tti • . . . • tNSj) U {0}) increases to Dxn \ (Uiljv+i{%} ^ {0}) as 
t decreases to and the Bergman metric of the last domain is the restriction to 
this domain of Pd^n we may choose tjv+i and then define A^"*"-^ := (A^,ti • . . . • 
tN+iSN+i) e A-'^+-'^ having the desired properties. □ 

Remark 5.5. Note that the above mentioned results may be put in some more 
general context. Two principal properties that were used were the following both: 
Kd and Pd do not change after deleting a discrete subset and both are continuous 
with respect to the increasing family of domains. Applying the same procedure 
we may prove for instance that there are Zalcman type domains, which are not 
Caratheodory complete. Consequently, there are Zalcman type domains, without 
peak functions in (see [Rud]). 
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